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Stochastic Modeling of Fracture Processes in Fiber
Reinforced Composites
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The longitudinal strength of unidirectional continuous and short fiber reinforced composites is predicted by the
stochastic modeling of the fracture process. The model captures the kinetics of damage evolution starting from
the nucleation site to the final failure. The damage evolution is modeled by a multidimensional Markovian pure
birth process. Fiber breaking, matrix cracking, and fiber/matrix interface debonding are included as interacting
micromechanisms for fracture development. The probability of having a nucleation site at a particular state is
calculated by the forward Kolmogorov differential equations. The transition rates of failure modes are obtained
by utilizing the micromechanics based models of stress distribution. The final failure of the composite is considered
to be precipitated in one of the two ways. It may be a result of a single nucleation site developing into an unstable
macrocrack or may result from coalescence of arrested or stably growing damage states. The effect of the interfacial
shear strength and short fiber length are studied. The analytical results show satisfactory agreement with the
experimental results. Analytical predictions suggest an optimum value of the interfacial shear strength for obtaining
the maximum longitudinal composite strength.
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Nomenclature
= interfiber spacing
= fiber alignment factor
= standard deviation
= fiber diameter
= Young's modulus
= cumulative strength distribution function
= probability density function of the strength
: load-transfer factor
= debonding length
: average fiber length
: number of structural unit cells in a composite specimen
= number of fiber ends with bonded interface
: number of nearest intact fibers surrounding the group of /
broken fibers

: probability of composite failure
= probability of state #/>;- being occupied
= probability of a macrocrack appearance
= probability that a randomly chosen cell contains short

fiber ends
= fiber radius
= time to composite failure
= fiber volume fraction
= composite volume
= strength scatter parameter
-- fiber effective length
= gauge length
= two-dimensional Markovian process
= local damaged state with i broken fibers and j debonded

interface
= transition rate functions
= tensile stress
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= local actual fiber stress
= scale parameter for Weibull distribution of fiber tensile

strength
= local fiber/matrix interfacial strength
= shear stress at the fiber/matrix interface
= residual interfacial shear stress
= scale parameter for Weibull distribution of interfacial

strength distribution
= damage function
= mathematical expectation

Subscripts and Superscripts

c
d
e/
m
U

= composite
= interface
= effective stress
= fiber
= matrix
= ultimate stress

Introduction

T HE final composite failure is preceded by microscopic frac-
ture nucleations and further evolution. In general, infrequent

random fracture nucleates at a fraction of the final composite fail-
ure loads. Some of these fracture sites start to develop into larger
damaged states predominantly due to the stress concentration in the
immediate vicinity of the fracture site. In many cases, eventually
one of the larger damage site evolves rapidly, forming an unstable
macrocrack causing the final failure of the composite. In other cases,
a large number of smaller damage sites coalesce to form the final
failure path. The fracture nucleation and the subsequent evolution
are significantly influenced by the local strength properties of the
constituents.

The well-known probabilistic theories for the tensile strength
of unidirectional composites have been proposed by Rosen1 and
Zweben2 and further developed in detail by different authors.3"7

These models give us a satisfactory strength estimation when
the composite failure is predominantly affected by the stochastic
strength distribution of reinforcement fibers but are not suitable
when there are other competing fracture micromechanisms. For
example, the secondary fracture processes, such as the interface

1689



1690 YUSHANOV AND JOSHI

debonding and the crack penetration into matrix, etc., may be
governing fracture processes for many widely used classes of
composites. The interaction between different modes of fracture
micromechanisms can be investigated by the Monte Carlo simu-
lation method.8 But this simulation procedure requires extensive
computational resources for any new set of structural parameters
and properties of the composite components.

Several probabilistic theories have been proposed9-10 to predict
the strength of aligned short fiber composites. These theories are
based on modification of the mixture rule,

r;(l-V» (1)

where crcU and afu are the ultimate tensile strength of the composite
and fiber, respectively, and a'm is the matrix stress at the ultimate
tensile strain of the fiber. The probability of the clustering of short
fiber ends is used for the calculation of the corrective function F.
Thus, only pure "geometrical stochasticity" is taken into account
in the theories based on the mixture rule. However, the problem
is much more intricate due to "strength stochasticity" because of
the scatter of fiber, matrix, as well as fiber/matrix interface strength
properties. Both types of stochasticities for short fiber composites,
the geometrical as well as the strength, can be taken into account in
the approach described in this paper.

An analytical stochastic model incorporating primary and sec-
ondary fracture mechanisms and their interactions is presented. It
is a kinetic type model. It allows modeling of damage evolution
starting from a single fracture nucleation to the final stage of the
composite failure. The following fracture micromechanisms are in-
corporated in the model: fiber breaks by loading and local overload-
ing, debonding of broken fiber ends from matrix, and matrix cracks
adjoining the location of fiber breaks.

The influence of interface bond strength on the composite strength
and the failure morphology are investigated. Also, the influence of
the fiber length and volume fraction is studied. Results are compared
with the experimental observations wherever possible.

Micromechanics Modeling
A unidirectional fiber reinforced composite is considered to be

made up of a very large number of unit cells which are equivalent
in a stochastic sense. A cell consists of a fiber segment with bonded
surrounding matrix. In the case of short fiber reinforced composite,
a cell may include fiber ends. Each such cell is a probable site for the
nucleation of an eventually complex fracture development. In the
particular case of interest to us, the unit cell has characteristic cross-
sectional dimension which is dictated by the fiber arrangement and
the volume fraction, and the length dimension 8 which is defined as
two times the effective load-transfer length. Several definitions for
the effective fiber length have been proposed. In this paper, following
the classical Zweben2 paper, Friedman's definition11 for 8 is used,

= af (2)

where Ef is the fiber Young's modulus and Em is the matrix Young's
modulus.

Let /(/) be the probability density function of the fiber length.
Therefore, the average length is calculated by

//(/) d/ /(Od/

It is obvious that

fJo
/(/) d/ = 1

It follows from considering the equilibrium of external and internal
stresses that the composite stress ac is given by

ae = CafVf(l - + < r m ( l - V f ) (3)

where or/ and am are mean fiber and matrix tensile stresses, the term
[1 — (8/21)] accounts for the effects of stress builtup from the fiber

ends, and C is a fiber alignment factor12'13 which is equal to one for
the perfect fiber alignment. In the following analysis, it is supposed
that the mean fiber length far exceeds the load transfer length. By
assuming strain compatibility in the composite, one can arrive at the
following expression for mean tensile stress in the matrix:

Em—
Ef

(4)

The maximum shear stress at the interface between the fiber and
matrix is given by8

(5)

Here, b is the spacing between the adjacent fibers. If shear stress rmax
at the fiber/matrix interface near the fiber end exceeds the ultimate
value TJ then the matrix debonding will develop.

Near the broken or short fiber end, the local matrix stress state
is the superposition of tensile and shear stresses. It is convenient to
define an equivalent or effective matrix stress as14

(6)

where J2 is the second invariant of the stress deviator tensor. Com-
bining Eqs. (4-6), one obtains the following expression for the max-
imum matrix effective stress:

3tmax =
r,. Fr f -E'm

l^Tf
(7)

The matrix effective stress will be used in a local matrix failure cri-
terion (von Mises criterion); if crme exceeds the prescribed ultimate
value crmU then local matrix cracking occurs.

The intact fibers surrounding a broken fiber or a group of broken
fibers are under local overloading conditions. The load-transfer fac-
tor (after Zweben2) Kfj is used to characterize these overloading
conditions (/ is the number of broken adjacent fibers of which j have
a debonded fiber/matrix interface). For no debonding, the classical
results based on the shear-lag analysis obtained by Hedgepeth15 and
Hedgepeth and Van Dyke16 can be used for the load-transfer factor
Kito calculation. For debonded matrix, the problem of calculating
the load-transfer factor Kjj(j ^ 0) is much more complex. It fol-
lows from the numerical analysis of the stress redistribution around
the broken fiber with debonded matrix8 that the overstressing of
the nearest intact fibers surrounding the broken fiber with debonded
interface is inversely proportional to the debonding length /</.

(2ld/8)) (8)

Utilizing this result for approximating the load-transfer factor for
the multiple fiber breaks with debonding yields

= 1 +
070(2/4/5)]

(9)

Several approaches have been proposed for the debonding length
calculation.17"20 Here, the approximation proposed in Ref. 8 is
adopted for the debonding length evaluation. This approximation is
based on the results of numerical simulation of the dynamic debond-
ing process development and is given by the formula8

(10)

where a?° is the fiber stress far away from the fiber end, o"/T is
the critical fiber stress level above which the fiber break will lead to
the matrix debonding, and rR is the residual interfacial shear stress.
Using Eq. (10) when crfr = rd/% and a™ = <jcVf one obtains the
following expression for the debonding length:

(11)
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Fig. 1 a) Mean value of the matrix debonding length for carbon/epoxy
composite, (TA) / (&f) = 0.02, and TR = O.l(r^); and b) typical exper-
imental measurement of the slipping frictional force TR at fiber/matrix
interface.21

where H() is the Heaviside unit step function. It can be seen from
Eq. (11) that the debonding length depends on the composite stress
level at which the fiber breaks. The interfacial shear strength tj has
the cumulative distribution function GJ(TJ) which is supposed to
be known. It means that debonding length is also a random variable
with the mean value (Id) that is calculated from relation (11) for any
known interfacial strength distribution. The typical dependence of
the mean debonding length on the fiber stress for a carbon/epoxy
composite (this type of the composite is adopted in the next section
for numerical calculations) is shown in Fig. 1.

It can be seen from this figure that the debonding length depends
on the fiber stress level at which the fiber breaks. Also, the higher
is the fiber volume fraction, the longer is the debonding length.
The value of the debonding length is also a function of the sliding
friction force TR which should be determined experimentally21'22

(see Fig. Ib).

Fracture Process Modeling
Fracture Nucleation

There are two possible modes of fracture nucleation: matrix
cracking at the short fiber ends and the fiber breakdowns. These
fracture nucleation modes are regulated by different micromecha-
nisms. The first one is controlled by the local stress concentration in
the matrix surrounding the fiber end and by the local matrix strength.
The second one is regulated by the axial tensile stress in a fiber and
its tensile strength distribution.

The fiber breakdowns and matrix cracking are random events
which are specified by their respective strength distribution func-
tions. At any moment of time t during the loading each cell may
be in one and only one of the two mutually exclusive states: the
cell may sojourn in an undamaged state or it may be damaged. The
probability poto(t) of the cell to be in an undamaged state is

where p^ and /?(
(,m) are the probabilities of sojourning in an undam-

aged state for the cell without a fiber end and for the cell containing
a fiber end, respectively. The transitions from undamaged state to

damaged states can be considered to be the Poisson processes which
are derived by differential equations

under the initial conditions

(14)

where q() is the probability that a randomly chosen cell contains
the fiber end. This probability can be estimated as the ratio of the
effective fiber length to the mean fiber length

= 8/1 (15)

In Eqs. (13) A./ is the transition rate of fiber breakdowns, and \m
is the transition rate of matrix cracking near the fiber end. It should
be noted that the interface debonding at the end of a short fiber is not
considered as a damage nucleation event because it is considered as
a damage evolution event. The probability of encountering the short
fiber end is incorporated as an initial condition. One can think of
short fiber ends as the existing "predamaged" state. A cell containing
fiber end is "actually damaged" when the attached matrix is cracked.

Transition Rates
A transition rate is determined as the density of conventional

probability of the failure occurring at time t, on the condition that
it has not taken place prior to this instant,

= lim
Pr{t <t <t \t > t}

(16)

where Pr{A \ B} is the notation for a conventional probability. This
probability may be expressed by means of the distribution function
G(t < t) of the time to start of the failure by the considered mode.
Using the equation for conventional probability and carrying out the
limit in Eq. (16), one obtains

1 dG(0
1 - G(0 df (17)

Using Eq. (17) one obtains the following expressions for rates of
fiber breakdowns and matrix cracking:

l-Gf(crf)
07; gm(<*me)

— Gm(crme)
ame (18)

where gf and gm are the fiber breakdowns and matrix cracking
differential probability distribution functions, respectively, and dry-
is the rate of fiber loading.

The expressions (18) for transition rates are valid when the num-
ber of damaged elements immediately before the final composite
failure is quite small. In general, however, there could be cases
where the increase in average stresses in cells caused by the damage
accumulation cannot be neglected. To incorporate this condition,
assume that the transition rates are determined by the actual aver-
aged stresses in a cell. In particular, the actual averaged stress in
a cell is approximated by averaging the stresses at an appropriate
local level. It should be noted that the accuracy of the actual stress
calculation depends on simplifying assumptions. According to the
adopted assumption, the transition rates are calculated by using the
actual stresses a* = a/(\ - CD), Therefore, Eqs. (18) have to be
rewritten as

A,«(0 =

(19)

where af is the average fiber stress whereas a*f is the local actual
fiber stress and CD is the damage function. Most often, co is identified
with the density of microcracks in the vicinity of the examined point
or with the relative quantity of broken structural elements. Also, CD
can be interpreted as the relative damaged area of the specimen.
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Anyway, during the loading process the value co should change
within the limits 0 < a) < 1, and the value co = 0 corresponds to
an undamaged material. The damage function a> will be specified
later. It should be noted that this function is not known a priori and
it is calculated along with the fracture process simulation.

Fracture Evolution
After nucleation, the fracture process can develop by different

failure modes. At least three fracture modes are involved in this
process: matrix cracking between broken and intact fibers in the
gap between short fibers, fracture of the nearest fibers adjacent to
the damaged zone, and matrix debonding from the broken fiber end
(see Fig. 2). The realization of the specific failure mode depends on
the elastic properties of the constituents as well as on fiber, matrix,
and fiber/matrix interface strengths mean values and its scatters.
Thus, it is not possible to predict the failure modes sequences in
advance, and we can only evaluate the probabilities of all possible
specific fracture paths realizations.

We define a random process 0(0 = {#/ f_/(0 ;*',./ = 0, 1, . . .}
which allows an arbitrary volume of the composite around a frac-
ture nucleation cell to assume discrete states #/>7- (/ > j) at an instant
of a continuous loading process. This process is continuous in time
and discontinuous in the configuration space (Fig. 3). The index /
represents the number of unit fracture steps in the transverse direc-
tion. It starts from any fractured cell. Each such step represents a
fiber failure and matrix cracking, not necessarily in any particular
order. The index j represents the number of fracture steps in the lon-
gitudinal direction due to matrix debonding from the broken fiber
end or from a short fiber end. The length of a unit fracture in this di-
rection is governed by the fiber/matrix interface debonding length /</.
If the interface bonding strength is high enough, the fracture process
develops without the interface debonding. This case corresponds to

Macro - crack
Initiation

Debonding

°c^
Fig. 2 Schematic ot a damage development in a composite.

Multiply
Fiber
Break

path O-A in the configuration space (Fig. 3). Another special path,
O-B, corresponds to a very low debonding strength when each fiber
break is accompanied be the matrix debonding from the fiber end.
Thus, if a local volume is in state #(-f/-, it means that the damaged
volume around fracture nucleus consists of / adjacent broken fibers
with the cracked surrounding matrix and j of / broken fibers with
debonded interface near the broken ends. The state #0,0 corresponds
to the intact cell.

The process 0 (0 is considered an ordinary process, i.e., the prob-
ability of transition from fyj to any other states are of the order of
the square of the time increment, except the subsequent states #/+i,7
or #/,_/+! and the same state. This means that if at time t the process
is in a state #/,7- then during the subsequent time interval [t, t -h Ar]
one and only one of three possible transition modes can take place:
a step in the transverse direction fyj -> #/+!,_/, a step in the lon-
gitudinal direction #/j -> #/,7-+i, or the local volume can sojourn
at the same state fyj. These conditions define a two-dimensional
Markovian pure birth stochastic process, and the probabilities pitj (t)
to be at state fyj are derived by forward Kolmogorov differential
equations23

(0 (20)

under the initial conditions /?/,_/(0) = 0 for / > 1,7 > i > 0, and
/x/ ,_i_>o = 0. The probability po.o(0 is defined by Eqs. (12-14).
The transition rates in the transverse A.(0 and in the longitudinal
/z(0 directions are defined as

A./_/+i i7-(0 = lim
J A/-+0

i(0 = lim

A/

| 0(0 =
At

(21)

(22)

Equations (20) give us the complete stochastic description of the
damage evolution from each fracture nucleus. All of the information
about specific fracture mechanisms of damage evolution is included
in the transition rate functions.

The probability of a fracture development in the longitudinal di-
rection is controlled by the fiber/matrix interface strength: if shear
stress at the interface near the fiber end exceeds the ultimate value
Td, then the matrix debonding occurs and the probability of this
event is equal to

> rd] = f or;)

where Gd is the fiber/matrix interface shear strength cumulative
distribution function and the coefficient £ is defined by Eq. (5). The
rate of transition in the longitudinal direction is equal to the rate of
interface debonding due to the actual stresses on the fiber/matrix
interface multiplied by the number nd = (/ — j) of fiber ends with
bonded interface

i(0 =nd- (23)

Matrix cracking & fiber breaks

Fig. 3 Fracture process development in a configuration space.
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Now, consider the rate of transition in the transverse direction.
There are two distinct modes of fracture propagation in the trans-
verse direction. First, if the short fiber end is located ahead of the
crack, then a unit step in the transverse direction is only due to the
matrix failure. The probability of matrix cracking when the short
fiber end is encountered is equal to

PI = qoGm(ame) (24)

where q(} is the probability of encountering a short fiber end just
ahead of propagating crack tip. This probability is defined by for-
mula (15). If there is no short fiber end ahead of the crack, then the
adjacent matrix and fiber should fail in a unit step in the transverse
direction. The probability of this event is

(25)

- Gm(ame)]

+ Gm(ame)Gf(Kijaf)}

In this equation, the first term in braces is the probability of matrix
cracking and immediate intact fiber failure, the second term repre-
sents the probability of fiber failure and immediate matrix cracking,
and the third term is the probability of simultaneous matrix and fiber
failure. Here KJJ is the stress concentration in the nearest intact fiber,
K- is the fiber stress concentration when the matrix is failed, and
K{j is the stress concentration in the matrix located between the
broken fibers.

The probabilities PI and P2 correspond to mutually exclusive
events and, therefore, the probability of a unit step in transverse
direction is equal to the sum of these two probabilities and its rate
is equal to

P2 (26)

A detailed micromechanical analysis should be carried out to
calculate fiber and matrix stresses for each of the aforementioned
failure modes. As a first approximation, we shall use the following
assumption for stress concentration factors K,-j = K^and K"- = 1.
With this assumption and taking into account that the failure rates
are function of true stresses, multiplying Eq. (26) by the number ni9
which is the number of intact fibers surrounding the local damage
state with i adjacent broken fibers, the following expression for
the transition rate in the transverse direction can be obtained from
Eqs. (24-26):

A/->,-+i , . / (0=rt i :
o + (i -

The probability of a macrocrack formation from any fracture nucleus
is defined as

G(0 = lim G/(0 (30)

In a composite with volume VQ the maximum possible number of
fracture nucleus is

N = 4V(}Vf/nd2
f8 (31)

and according to Poisson distribution, the probability of a macro-
crack appearance in a composite is

This is the probability distribution function for time to composite
failure due to an unstable macrocrack formation. The mathematical
expectation (tc) and variance D2 for the time to composite failure
are calculated from Eq. (32) as

/

oo />oo

t P ( t ) dt = N tQ(t)e~NQ(t} dt (33)
Jo

/

oo

t2Q(t}e~NQ(t}dt-(tc)2 (34)

The mathematical expectation of the composite strength (ac) and
its standard deviation D0c are equal then

(crc) = (tc}crc\ Dac = Dtcac (35)

where ac is rate of loading of the composite.
The existence of a nonzero limit in Eq. (30) is possible because

as / increases the rate of transition from the state with i broken
fibers to the state with (i +1) broken fibers also increases due to the
stress concentration. In some cases, the probability of an isolated
macrocrack formation is equal to zero if the stress concentration
does not increase rapidly enough. In these cases the final failure
is the result of coalescence of a large number of microcracks, and
analysis to obtain detailed stresses distribution requires taking into
account the crack interaction. However, in many realistic cases an
unstable isolated macrocrack formation takes place at a low crack
density before the final failure. This failure criterion is limited to
such cases.

Another possible final failure criterion, as mentioned earlier,
is due to the coalescence of large number of microcracks. When
the damage is widespread, the final failure occurs catastrophically

+ (i - go)Gm(??o-;.) +
1 - Gmfacrj:)ta, + (1 -

Jf (27)

Final Failure and Damage Function
One of the possible types of final failures of the composite is

due to a single nucleating site evolving into an unstable macrocrack
while the overall damage stays low. Low overall damage signifies
that there is no interaction between distributed damage states. This
failure mode is the result of the local stress concentration in fibers
neighboring the broken ones. The criterion for this type of fracture
is obtained as follows.

By definition, ptj (t) are the probabilities, and the following nor-
malizing condition is valid at any moment of time

(28)

Therefore, the probability Gi (0 tnat there will be at least / adjacent
broken fibers is

because distributed fractures join together forming a breaking path.
A criterion for this type of final failure is defined as follows.

A measure of damage accumulation in a composite is described
by the damage function CD (t) which is the relative fraction of the
fractured unit cells

<w(0 =
<S \ 1- - )Pij(t)2J J (36),

Qi(t) = l-2^pij(t)
7=0

(29)

The function co(t) is not known a priori and is evaluated along with
Eq. (20). The first term in Eq. (36) represents the relative fraction
of broken unit cells due to fiber breakdowns. The second term is the
relative numbers of unit cells which are adjacent to the cells with
fiber breakdowns containing interface debonding that extended be-
yond the cell containing fiber breakdown. The upper bound a> = 1
corresponds to breaking of all microstructure elements. A more re-
alistic estimate can be obtained by assuming that the loss of integrity
occurs if a) reaches some critical level co* above which dispersed
damage forms a continuous fracture path. The final failure criteria
is formulated then as

Q)(t) = CO* (37)
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Table 1 Properties of fiber, matrix, interface, and composite tensile strengths26'27

Material

AU-4
AS-4
AS-4C
EPON 828

Tensile
modulus,

MPa

234
234
234
3.6

Tensile
strength,

MPa

3585
3585
3585
89.6

Interfacial shear
strength,

MPa

37.2
68.3
81.4

Composite tensile
strength, Vf « 0.677,

MPa

1403 ± 107
1890± 143
2044 ± 256

——

For any finite lattice, percolation thresholds are random, and their
distributions are narrower for larger lattices. These distributions are
roughly Gaussian. As has been shown in Ref. 24, the percolation
threshold decreases with increasing inhomogeneity. The percolation
threshold varies between the limits 0.5 and 0.59. A value of to* ~
0.59 is used in this paper. It is based on the two-dimensional site
percolation threshold.

Numerical Simulation
Input Data

The Weibull distribution function G f ( a f ) is used to describe the
strength of fibers. This distribution is written in the form

Gf(crf) = 1-ex (38)

where cr0 and ftf are the parameters of the Weibull distribution, 8 is
the effective length, <5() is the length dimension utilized in obtaining
the distribution parameters, and af is the nominal fiber stress. The
mean strength of a fiber of length 8 is computed to be, from Eq. (38),

where F ( ) is the gamma function.
The distribution of the interfacial shear strength depends on the

statistical nature of the properties of matrix and interface, which
should be determined experimentally.25 The distribution function
of the interfacial strength rd is also assumed to be the Weibull dis-
tribution with parameters r() and ft which are the scale and shape
parameters, correspondingly. The cumulative distribution function
of the local matrix strength, amU is also approximated by the Weibull
distribution with parameters crm(} and ft,. These distributions are
written in the form:

(39)

The scale and shape parameters are related to the mean and stan-
dard deviation values of the strength through the well-known for-
mulas. For example, for interfacial strength these formulas are

= (rd)
F( i+2/ f t )
r2d + I/A,)

(40)

Let us consider graphite/epoxy composites. The experimental
elastic and strength properties of the constituents are presented in
Table 1.

The following parameters have been adopted for the numeri-
cal strengths calculation of carbon/epoxy composite. Elastic con-
stants and mean strengths of the constituents are taken from Ta-
ble 1. In Refs. 26 and 27 there are no experimental data for the
constituents strength's scatter. According to Ref. 28, for carbon
fibers Pf varies from three to six. According to the experimental
study29 of the ultimate strengths of the fiber/matrix interfacial bond
of some fiber/matrix combinations the scatter in ultimate interfacial
strengths is 8-18% [interfacial shear stress (ISS) range for carbon
fiber/polycarbonate matrix is 62.2-90.6 MPa and 67.7-97.0 MPa for
carbon fiber/poly sulfone matrix. Using the formulas for the standard
deviation (40) one can obtain the following range for the parameter
of the interfacial strength scatter: ft « 6-12. A similar range for ft

3
cf

•.§ 0 . 0 6
CJc3

& ° - 0 4

rt
0 0 . 0 2

0 . 3 0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 0 . 9 1

Fig. 4 Damage function u for composites with various interfacial shear
strength, (rd) = 10 MPa (s/), -70 MPa fo), -160 MPa fo), and -200 MPa
fa).

variation has been obtained in Ref. 25: for Modmor-1/epoxy spec-
imen ft = 5.4 (coefficient of variation 0.21) and for T-300B/PA-6
ft = 10.8 (coefficient of variation 0.1 1). Based on these experi-
mental data pf and ft are chosen as ft = 6 and ft = 6. The rest
of the parameters have been adopted as /3m — 6; TR — K(rd), where
K varies as 0.05 < K < 0.1; composite volume Vb = 103 mm; and
df = 10 fjim.

Results and Discussion
ODEPACK solver30 is utilized for numerical simulation of the

system (20). The computer code is written in Fortran.
Figure 4 shows damage accumulation with the loading. Four cases

of interfacial shear strength are shown. At low interfacial strength
(curves s\ and s^), damage grows at an unstable rate when a certain
loading level is reached. Stable damage growth occurs for com-
posites with high interfacial shear strength (curves ^3 and 54). The
probability that a fiber break will be accompanied by a long inter-
face debonding is high in composites with a relatively low interfa-
cial shear strength. The stress concentration in neighboring intact
fibers is negligible in such composites. The damage accumulation
is primarily due to random fiber breaks. The unstable growth of
fiber breaks occurs when intact fibers are unable to withstand the
increasing share of the longitudinal stress [a* = a /(I — &>)]. When
the interfacial shear strength is high enough to prevent interface
debonding, the final failure is governed by the unstable growth of a
single fracture much before the damage in the composite reaches a
significant level.

Results shown in Fig. 5 corroborate the arguments presented in
the last paragraph. The probabilities of having damage states with
various fiber breaks as a function of applied stress are shown in
this figure. The curves represent probabilities of developing at least
one damaged state containing no less than / adjacent broken fibers.
Figure 5a represents a low interfacial strength. At a low bonding
strength, the separate curves for each / value signifies that frac-
ture states with a low number of fiber breaks continue to grow,
and the probability of appearance of a single macrocrack stays low
up to the final failure. The final failure occurs suddenly due to the
coalescence of a large number of damage states with a low num-
ber of multiple fiber breaks. Figure 5b represents a high interfacial
strength. In this case, the probability of growth of a damage state
with a large number of adjacent fiber breaks approaches a limiting
value and, therefore, the final failure is a result of single macrocrack
formation. At the time of the final failure occurring in this manner,
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Fig. 6 Graphite/epoxy composite strength variation with fiber/matrix
interfacial shear strength; rR/(rd) = 0.10 (1) and rR/rd = 0.05 (2).
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Fig. 7 Schematic representation of fracture surfaces.

b)

Fig. 5 Probabilities of multiple fiber breakdowns for the composite
with low and high, fiber/matrix interfacial strength; rR/(rd) = 0.05:
a) low strength (rd) = 70 MPa, and b) high strength (rd) = 200 MPa.

the amount of damage stays relatively low as shown by the asterisks
on curves 53 and s4 in Fig. 4. For fracture mode due to a single
macrocrack development the damage level just before the final fail-
ure is about 2~4% which is in a good agreement with previous
simulations and experimental results for highly oriented nylon as
well as for carbon/epoxy and boron/epoxy composites.7'31'32

The influence of the interfacial shear strength on the composite
strength is shown in Fig. 6. Two parametric levels of frictional stress
at the debonded interface are presented by two curves in the figure.
Experimental values of the strength taken from Ref. 27 are presented
by vertical bars in the same figure. The s\, s2, s3, and s4 points cor-
respond to the curves in Fig. 4. There are two distinct portions of
the plots of composite strength as a function of the interfacial shear
strength. At relatively high interfacial shear strength, high stress
concentration level introduces a high probability of macrocrack de-
velopment. This fracture mode leads to reduction in the composite
strength with the increased interfacial strength. Nevertheless, after
a certain value of the interfacial shear strength debonding does not
occur, and a further increase in the interfacial shear strength has no
influence on the composite strength.

At relatively low interfacial strength, the relationship between the
interfacial shear strength and the composite strength is governed
by the coalescence of the arrested or slowly developing damage
states. At lower values within this range of the interfacial shear
strengths, large debonding lengths increase the damage level and,
consequently, the possibility of percolation at lower stress levels.
At higher values within this range, the composite strength improves
because debonding length decreases and the percolation occurs at
higher stress levels.

The results suggest that there is an optimum value for the inter-
facial shear strength that gives the maximum composite strength.
This kind of influence of the interfacial shear strength on the car-
bon/aluminium composite strength has been experimentally ob-
served in Ref. 33.

50 100 150 200
Fiber Length/Fiber Diameter

250

Fig. 8 Carbon/epoxy composite strength variation with fiber length
(Td) I (&mu) = 0.5; solid lines, composite mean strength and dashed
lines, composite strengths standard deviation.

The magnitude of the interfacial strength and its influence on the
relative amounts of interface failure determine the overall appear-
ance of the fracture surface. This is illustrated in Fig. 7. For a weak
interface bonding the composite exhibits extensive debonding, and
the fracture surface has a very rough appearance with large amounts
of fibers pulled out (s\, s2). For a strongly bonded fiber/matrix in-
terface there is only a small amount of debonding and the fracture
surface is rather smooth (53, 54).

The preceding results are for continuous fiber reinforced compos-
ites. The following results are for short fiber composites. The effect
of the fiber length on the composite strength is shown in Fig. 8. The
shorter is the fiber length, the higher is the probability that a unit cell
contains a short fiber end. Also, the probability of encountering a
fiber end during crack propagation is higher. The composite strength
decreases with the decreasing length of short fibers due to these rea-
sons. But this relationship is not linear because the probability of
finding a fiber end is inversely proportional to the short fiber length
[see Eq. (15)]. It follows from Eqs. (2) and (15) that the higher is the
fiber volume fraction, the lower is the probability of finding a fiber
end inside a unit cell and, consequently, the composite strength is
higher. This effect is presented in Fig. 9.
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Fig. 9 Probability qo of finding a short fiber end inside a unit cell.
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Fig. 11 Strength variation with fiber volume fraction for glass fibers in
polyamide 6.6 matrix, average fiber length / = 0.5 mm; (crmU) / (TJ) =
0.61 (1), and (amu)/rd = 0.92 (2).

Composite strength variations calculated by formulas (33-35) are
also presented in Fig. 8 by dashed lines. Mainly, this variance is the
result of scatter in the fiber strength properties.

The strength simulation results for short-fiber reinforced ther-
mosets are presented in Fig. 10. The composite is Hercules AS2
carbon fibers in Shell EPON 828 resin. The input data for the
calculations are from Ref. 35: Ef = 234 GPa, Em = 3.6 MPa,
fiber strength (af) = 2.8 ± 0.5 GPa, matrix strength (crmU) « 30
MPa, and fiber diameter df — 0.08 mm. There are no data given
about fiber/matrix bond strength in Ref. 34, and so the assumption
fa) > (ffmu) nas been adopted for the calculation. The scatter in
fiber strength is about 20% which corresponds to /3f ~ 6. The rest
of the parameters are chosen as fim — 6 and Vb = 103 mm. As it
can be seen from Fig. 10, the correlation between experimental data
and theoretical strengths prediction is rather close.

The relation between a short fiber composite strength,
E-glass/PA66, and the volume fraction of fibers is shown in
Fig. 11. Typical data for polyamide thermoplastic reinforced with
glass fibers have been used from Ref. 36. Mechanical properties for

E-glass (Vetrotex) are Ef = 73 GPa and (crf) =3.4 GPa. Mechan-
ical properties of thermoplastic resin (polyamide) are Em = 2.0
GPa, (amu) = 70 -4- 84 MPa, and (rd] = 65 MPa (Ref. 36). Fiber
diameter df = 0.01 mm and specimen volume Vb — 400 mm. The
solid lines in Fig. 11 correspond to the aligned short-fiber composite
for two different matrix strengths (curves 1 and 2). The experimental
results presented in Ref. 36 are for the composite with imperfectly
aligned fibers. It has been reported there that the orientation con-
stant C varies in a range 0.5 < C < 0.6 as the fiber volume fraction
changes from V) = 0.05 to Vf = 0.2 . The results of the strength
recalculation by making use of Eq. (3) with C = 0.59 are shown in
Fig. 11 by the dashed lines. The agreement between the experimen-
tal results and the theoretical prediction is satisfactory.

Conclusion
A theoretical model for describing fracture process, starting from

random fracture nucleations to the final failure, in unidirectional
continuous and short-fiber reinforced composites is presented. The
model incorporates the primary and secondary fracture mechanisms
and their interaction in a cohesive manner. The numerical simula-
tion suggests that there is an optimum value for the interfacial shear
strength that gives the maximum composite strength. The magnitude
of the interfacial shear strength also determines the overall appear-
ance of the fracture surface. The composite strength increases with
increasing length of short fibers. However, the effect is insignifi-
cant for long fibers. In addition to these predictions, the simulation
results are compared with some of the available experimental ob-
servations and are found to be in reasonably good agreement. The
authors are continuing the research to incorporate other loading con-
ditions. Further research in this direction may significantly improve
our ability to understand the structural behavior of materials up to the
final failure. The understanding of various parameters that affect the
useful life of structures will also help us design better composites.
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